We propose an experimentally feasible scheme for generating entangled terahertz photon pairs in topological insulator quantum dots (TIQDs). We demonstrate theoretically that in generic TIQDs: 1) the fine structure splitting, which is the obstacle to produce entangled photons in conventional semiconductor quantum dots, is inherently absent for one-dimensional massless excitons due to the time-reversal symmetry; 2) the selection rules obey winding number conservation instead of the conventional angular momentum conservation between edge states with a linear dispersion. With these two advantages, the entanglement of the emitted photons during the cascade in our scheme is robust against unavoidable disorders and irregular shapes of the TIQDs.
We propose an experimentally feasible scheme for generating entangled terahertz photon pairs in topological insulator quantum dots (TIQDs). We demonstrate theoretically that in generic TIQDs: 1) the fine structure splitting, which is the obstacle to produce entangled photons in conventional semiconductor quantum dots, is inherently absent for one-dimensional massless excitons due to the time-reversal symmetry; 2) the selection rules obey winding number conservation instead of the conventional angular momentum conservation between edge states with a linear dispersion. With these two advantages, the entanglement of the emitted photons during the cascade in our scheme is robust against unavoidable disorders and irregular shapes of the TIQDs. Introduction.-Entanglement is the heart of quantum physics and quantum information technology [1] [2] [3] . Semiconductor quantum dots (QDs), named as artificial atoms, are one of the most promising sources for quantum light, e.g., single photon and entangled photon pair [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , because, comparing with real atoms and other sources, QDs possess an unique advantage of being compatible with well-developed semiconductor integration [17, 19] as well as on-demand and nonprobabilistic feature [5, 6, 18] of biexciton cascade emission in QDs. The fine structure splitting (FSS), the energy difference existing between two bright exciton states in QDs with unavoidable irregular shapes, strongly spoils the entanglement of the emitted photons [8] . To overcome the FSS brought by breaking of rotational symmetry, various methods such as sophisticated QD growth control [9, 10, 14, 17, 19] , external electric [13] , magnetic [8] , and strain fields [15, 16, 20, 21] , have been used to manipulate and/or suppress the FSS of excitons in semiconductor QDs. However, for practical devices with large numbers of QDs differ from dot to dot, it is a great challenge to scale all the QDs at the same time. Therefore, QDs having no FSS intrinsically, regardless of random alloy distributions and other uncontrollable effects, are essential to realize integrated entangled photon emitters.
In this Letter, we show emitters composed of topological insulator quantum dots (TIQDs) can produce terahertz photon pairs with robust entanglement. We first present the theory in detail with a HgTe QD to illustrate our main ideas and notations. Then we prove by the time-reversal symmetry (TRS) and winding number conservation, one-dimensional (1D) massless excitons in generic TIQDs with random disorders and morphology fluctuations are free from FSS, and the entanglement of the produced photon pairs from the cascade process is robust.
Topological insulator quantum dots.-We consider a superconductor-TIQD hybrid system [22] as an example: a TIQD is fabricated in a CdTe/HgTe/CdTe heterostructure by etching technique, and it is weakly coupled to superconducting (SC) leads on two sides at p-or n-type regime, respectively [see Fig. 1 (a) ]. The low-energy electron states in the isolated HgTe QD are described by a four-band effective Hamiltonian in the basis |e, ↑ , |hh, ↑ , |e, ↓ , and |hh, ↓ [23, 24] :
The parameters A, B, C, D, and M depend on the thickness of the HgTe layer. M is used to describe the band insulator with a positive gap (M > 0) and non-trivial topological insulator with a negative gap (M < 0). The hard-wall confining potential V (r) is employed to describe potential difference between the vacuum and the TIQD with R as its radius. The eigenstates of the QD |ψ j,↑↓ [25, 26] are linear combinations of degenerate eigenstates ofĴ z which is conserved along the z axis. Note, we refer to |ψ j,↑↓ as spin-up (down) states, as they are the eigenstates for the upper (lower) block of the 4 × 4 Hamiltonian.
For a given w ↑↓ = j ∓ 1, the lowest energy state |w, ↑↓ = |ψ w±1,↑↓ low with its energy ǫ w,↑↓ in the nontrivial gap [M, −M ], is a massless edge state [27, 28] . Here we go beyond Refs. [27, 28] and use winding numbers to classify the edge states: 2w ↑↓ = (j ∓ 1/2) + (j ∓ 3/2) is the total winding number in the basis |e, ↑↓ and |hh, ↑↓ as we will explain below. The edge states localize on the edge and possess a linear energy dispersion ǫ w,↑↓ = ±w · ∆ǫ + ǫ 0 . The energy level spacing [27] depends on QD's radius, and ǫ 0 is the constant sets the Dirac point. |w, ↑ and |−w, ↓ = Θ |w, ↑ are always degenerate due to the TRS. Here Θ = −iσ y K is a time-reversal operator and K is the operation of complex conjugation. Due to the TRS, the backscattering between |w, ↑ and |−w, ↓ are 
σ ± is a right-handed (left-handed) circularly polarized photon carrying one unit of angular momentum ± . Dashed arrows are possible decay pathes.
not allowed, therefore edge states possess a long spin lifetime [29, 30] . The momentum matrix P ∝ ∂H 4×4 /∂k is block-diagonal and will not couple the spin-up and spin-down states, thus the transition between the edge states with opposite spins is forbidden. For photons propagating in z direction, circular polarized transitions only exist between the states with the same spin while conserving j.
We assume the Fermi energy of the HgTe QD is between two energy levels ǫ c = ǫ ±1/2,↑↓ and ǫ v = ǫ ∓1/2,↑↓ . They are evenly away from the Dirac point, and the corresponding edge states have an additional TRS symmetry iΘ |w, ↑↓ = |−w, ↑↓ because near the Dirac point keeping the linear terms in k one has
. We call ǫ c conduction level and ǫ v valance level for convenience. H α = ǫ α σ=↑↓ a † α,σ a α,σ + U α n α,↑ n α,↓ is the Hamiltonian for the conduction (α = c) or valance (α = v) level. Two pairs of degenerate edge states are obtained by the creation or annihilation operator: a † α,↑↓ |0 c = a α,↑↓ |2 α = |↓↑ α , where |0 α is the empty state and |2 α = a † α,↑ a † α,↓ |0 α is the two-electron occupied state for the conduction/valance (α = c/v) level. We denote |↑↓ c = |±1/2, ↑↓ and |↑↓ v = |∓1/2, ↑↓ since the spin and angular momentum indices are locked for the corresponding level. We will prove later: 1) when there is one electron in the conduction level and one electron in the valance level, the resulting two-particle states |↑ c |↓ v and |↓ c |↑ v are degenerate exciton states with the same Coulomb repulsion U between the two electrons due to the TRS; 2) U c,v = U describes the charging energy by electron edge states in the conduction/valance level.
Superconducting p-n junction as a light-emitting diode.-We coupled the HgTe QD weakly to a s-wave Here we use a waveguide to produce photons propagating along the z axis only [19, 31] . The transition is described by the following Hamiltonian:
which conserves the J z , as a right-handed (left-handed) circularly polarized photonb † qz,± |0 = |σ ± conveys one unit of angular momentum ± . The coupling strength g ∼ e( ω 0 /2ǫV ) 1/2 can be tuned by changing the volume of the waveguide. After each biexciton cascade, the final two-photon state entangled with opposite circular polarizations is
This final state means the two sequentially produced photons in the z direction are polarization entangled: if the first emitted photon is σ + (σ − ), then the second emitted photon is σ − (σ + ). For a HgTe QD with a radius R = 150nm, both the biased voltage eV sd ≃ 2.4meV and the charging energy U ≃ 0.8meV [28] 
a single quasiparticle in the SC leads. The emission intensity of circular polarization entangled photons equals to charge current through the junction.
The weak coupling between the HgTe QD and the SC leads will slightly split the energy levels for two-particle states |2 c |0 v and |0 c |2 v and shifts the frequencies of emitted photons from the central frequency ω 0 [12, 26] . However, edge states and exciton states in the HgTe QD is unaffected by this weak coupling, and the polarizations and energies of the photons are uncorrelated. The delay time τ X between the first and second emission events is much shorter than the emission time of the pair τ XX (τ X /τ XX ∼ 0.09) [12] , thus the two photons in a pair are time-and polarization-correlated. In our proposal, the SC gaps forbid single quasiparticle creation in the SC leads, so the entangled photons are produced pair by pair and could be identified efficiently in the time domain. This pair-by-pair feature could also appear in a large non-trivial gap (about 0.3eV) TIQD [32] with the aid of the Pauli exclusion principle [4] .
Superradiance and Josephson effect has been discussed in similar SC p-n systems [12, 33] . Here we neglect these effects because the absence of a static in-plane electric field does not allow the emission of a single photon from Cooper pair transfer through the QD via Josephson effect [12] . Our proposal is based on the biexciton cascade process which is not related to the Josephson effect. Zero FSS in generic TIQDs.-We now prove in generic TIQDs, two-particle states |↑ c |↓ v and |↓ c |↑ v are degenerate exciton states without FSS. |↑ c |↓ v and |↓ c |↑ v are products of edge states which satisfy: 1) |↓ α = |Θ ↑ α (α = c, v) due to the TRS; 2) more specifically, an additional TRS symmetry |↑↓ c = iΘ |↑↓ v near the Dirac point. These two relations hold, not only for HgTe QDs, but also for generic TIQDs that are composed of other materials.
The two-particle Hamiltonian for the conduction and valance level is H cv = α=c,v σ=↑↓ ǫ α a † α,σ a α,σ +V , whereV is the Coulomb interaction between the two electrons. The bright exciton states must be the linear combinations of the two-particle states |↑ c |↓ v and |↓ c |↑ v [26] .
In the basis [26] asV commutes with the timereversal operator Θ 2 = −1. Two diagonal terms are also the same as ↑| c ↓| vV |↑ c |↓ v = ↓| c ↑| vV |↓ c |↑ v ≡ U . Therefore |↑ c |↓ v and |↓ c |↑ v are degenerate exciton states with the same energy ǫ c + ǫ v + U . Besides, [26] .
On the other side, the exciton FSS arises from the exchange interaction between two exciton states. Note that, by swapping its electron with the hole, |↑ c |↓ v is transformed to |↓ c |↑ v . The exchange energy [34] E ex ∝ ↑| c ↓| vV |↓ c |↑ v = 0 leads to vanishing FSS between the two exciton states. The physical reason behind the zero FSS is that the backscattering is forbidden by TRS. It is necessary to emphasize that, the unavoidable nonmagnetic disorders and morphology variations of a TIQD will not break TRS. Therefore the FSS vanishes between exciton states |↑ c |↓ v and |↓ c |↑ v in generic TIQDs as long as the TRS symmetry exist. This is the significance between the TIQDs and the conventional semiconductor QDs studied before.
Winding number conservation.-One may intuitively conclude SO (2) symmetry in an actual TIQD will be broken, so that J z is not conserved and the original selection rules do not hold. Therefore, the final photon state |ψ ′ = c 0 (|σ 3 different HgTe QDs with random shapes. We generate these QDs by fluctuating their boundaries as r (θ) = r 0 [1 + δ r f (θ)] in the polar coordinate system, where the mean radius is r 0 = 2π 0 r (θ) dθ/2π while the random function f (θ) ∈ [−1, 1] satisfies f (θ) = f (θ + 2π), where δ r is a dimensionless number characterizing the maximum fluctuation percentage (typically less than 10% in experiments). The simulation results (see Fig. 2) show that the irregularities of the TIQDs' configurations only cause neglectable deviations ( 10 −4 ) of selection rules from that with a perfect circular shape. We have a topological explanation for this robustness of selection rules against randomness of the TIQDs' morphologies. Consider a 1D system on a closed loop with linear dispersion (see Fig. 3 ). The Hamiltonian for the system readsĤ = ∆ǫ ·k θ + V (θ) and depends on a single parameter θ ∈ [0, 2π]. Both the variations of the radius r (θ) and the disorder potential V (θ) break SO (2) symmetry. Although J z is no longer conserved, eigenstate of the system θ|ϕ n = exp[iφ n (θ)]/ √ 2π with energy n · ∆ǫ + ǫ 0 has a well defined winding number
because its phase term φ n (θ) = nθ + δ (θ) must satisfy φ n (θ + 2π) = φ n (θ) + 2πn (n ∈ Z) to match the periodical boundary condition. The phase-shift term
/∆ǫ with δ (2π) = 0 is independent of n, which is possible only for a massless 1D system. The winding number characterize the total number of counterclockwise turns that the wavefunction makes around the origin. The coupling between eigenstates |ϕ n and |ϕ n ′ with different winding numbers n and n ′ by circularly polarized photon with angular momentum ±1 is proportional to
The second term of C ± n,n ′ vanishes when n = n ′ ± 1 be-
, and |f n ′ ±1−n | ≪ 1 for a random fluctuation [35] . Therefore the selection rules for circularly polarized photons in this system respect winding number conservation n = n ′ ± 1. On the other hand, the edge states in a TIQD are naturally quasi 1D states (see inset in Fig. 2 ) with linear dispersions regardless of the TIQD's shape due to their massless feature, which also originates from the topological property of the TIQD [29, 30] . The winding number for each of the edge states in a specific basis, e.g., {|e, ↑↓ , |hh, ↑↓ }, is well defined. Therefore the selection rules between edge states in TIQDs respect the conservation of the topological winding number. The zero FSS together with the winding number conservation during the cascade process in TIQDs results in the final two-photon state, whose entanglement is robust against disorders, morphology fluctuations and asymmetry of the TIQD.
Conclusion.-In this Letter, we proposed a realizable scheme to produce photon pairs at terahertz regime with robust entanglement in generic topological insulator quantum dots (TIQDs). We prove one-dimensional massless excitons composed of edge states with linear dispersions in TIQDs are free from the fine structure splitting (FSS) due to the time-reversal symmetry. The entanglement of the emitted photon pairs from the cascade process is robust against disorders and morphology fluctuations in TIQDs, because of the absence of FSS and the selection rules between edge states respecting the winding number conservation. Both merits root in the topology of the proposed TIQD. These two findings have not been discussed in previous literatures as far as we know. Note that our results are valid near the Dirac point where the dispersions of edge states are linear. This discovery paves a new way towards the future applications and integrations of entangled photon pair emitters, and possible novel optical devices based on winding number conservation, by utilizing the massless edge states of topological materials. Our scheme, which can be implemented using current experimental techniques, is free from the requirements to fabricate quantum dots with high symmetry and sophisticated regulations to eliminate FSS. . to obtain a QD in circular shape by etching, the boundary of the QD is formed by atomic dissociation process which is mesoscopically regulated and microscopically random. Norms of its Fourier coefficients |fm| ∼ ω −1/2 c , where ωc ∼ 2πr0/a0 is the cut-off frequency of the fluctuation, with r0 the radius of the QD and a0 the atomic spacing. For realistic QDs, 2πr0/a0 > 10 3 , |fm| 2 < 10 −3 , and |c1/c0| 2 ∼ δ 2 r |fm| 2 < 10 −4 .
